We prove upper bounds for sub-Laplacian eigenvalues independent of a pseudoHermitian structure on a CR manifold. These bounds are compatible with the MenikoffSjöstrand asymptotic law, and can be viewed as a CR version of Korevaar's bounds for Laplace eigenvalues of conformal metrics.
Introduction and statements of the results
Let M be an orientable compact strictly pseudo-convex CR manifold of dimension (2n + 1), possibly with boundary. For a pseudo-Hermitian structure θ on M whose Levi form is positive definite we denote by 0 = λ 1 (θ ) < λ 2 (θ ) λ 3 (θ ) . . . λ k (θ ) . . . the Neumann eigenvalues of the corresponding sub-Laplacian (−∆ b ), see Sect. 2 for precise definitions. By N θ (λ ) we denote the counting function, that is the number of eigenvalues that are strictly less than a positive real number λ . A general result by Menikoff and Sjöstrand [11, 14] , and also by Fefferman and Phong [3, 4] , for hypoelliptic operators gives the following asymptotic formula for N θ (λ ) for any given θ :
for some constant C θ (M). The purpose of this paper is to give a lower bound for N θ (λ ) that has a more explicit form; up to a volume factor, it does not depend on a pseudo-Hermitian structure θ . More precisely, we prove the following statement. As a consequence, this theorem yields the upper bounds for the sub-Laplacian eigenvalues λ k (θ ) independent of a pseudo-Hermitian structure on M. for any k = 1, 2, . . . , (1.2) where the volume is taken with respect to the form θ ∧ (dθ ) n .
Proof. Recall that the eigenvalues are related to the counting function by the following formula λ k (θ ) = inf{λ 0 : N θ (λ ) k}.
Now for a given integer k let λ be the number
where C is the constant from Theorem 1.1. Then by the estimate for the counting function, we obtain that N θ (λ ) k, and by relationship (1.3), we conclude that λ k (θ ) λ . Setting C * to be C −1/(n+1) , we arrive at the estimate in the statement.
These eigenvalue bounds have the right asymptotic behaviour as k → +∞, and can be viewed as a CR version of the celebrated result by Korevaar in [9] , which gives Laplace eigenvalue bounds for conformal Riemannian metrics. In fact, the proof of Theorem 1.1 follows a similar strategy: one of the ingredients is the result by Grigor'yan and Yau [6, 7] on decompositions of a metric space by annuli, built on the original method of Korevaar. The idea is to apply their decomposition theorem to the Carnot-Caratheodory metric on M. We show that this choice of a metric allows to get the right capacity estimates for the annuli in the decomposition, and thus, to obtain the bound for the counting function N θ (λ ) compatible with the asymptotic law (1.1).
The hypothesis above that M is compact is not very essential; in Sect. 3 we show that it can be replaced by the following two hypotheses on a background pseudo-Hermitian structure: a so-called volume doubling property together with a growth hypothesis on the volume of Carnot-Caratheodory balls. One of the most important examples of non-compact manifolds when these hypotheses are satisfied is the Heisenberg group H n , see Sect. 2. In particular, we have the following version of Theorem 1.1 for variable subdomains Ω ⊂ H n . By N θ (Ω, λ ) we denote below the number of Neumann eigenvalues λ k (θ , Ω) of a subdomain Ω that are not greater than λ . 
, where λ 0 and the volume is taken with respect to the form θ ∧ (dθ ) n .
An argument similar to the one in the proof of Cor. 1.2 also yields the bounds for the Neumann eigenvalues λ k (θ , Ω) independent of a pseudo-Hermitian structure θ and a subdomain Ω ⊂ H n . Both Theorems 1.1 and 1.3 are consequences of a more general statement in Sect. 3. In particular, a statement similar to Theorem 1.3 holds for arbitrary subdomains Ω ⊂ H n and pseudo-Hermitian structures on Ω with finite volume. In fact, following the approach of Grigor'yan and Yau [6, 7] in the conformal geometry setting, one can give versions of these statements for rather arbitrary measures on CR manifolds.
Preliminaries

Basic notions of CR geometry
We start with recalling a basic material on CR manifolds; for the details we refer to [2] . Let M be a smooth manifold of dimension 2n + 1; we always assume that it is connected and orientable. A CR structure of type (n, 1) on M is a complex sub-bundle H 1,0 of the complexified tangent bundle T M ⊗ C that satisfies the following properties:
(i) its complex rank is equal to n, and H 1,0
(ii) it is formally integrable: A manifold equipped with such a CR structure is referred to as a CR manifold.
It is a real rank 2n sub-bundle of T M, denoted by H, which carries a natural complex structure
A pseudo-Hermitian structure θ on M is a nowhere vanishing 1-form whose kernel coincides with H. On an orientable manifold M any two pseudo-Hermitian structuresθ and θ are related asθ = κ · θ , where κ is a nowhere vanishing function. The Levi form L θ of a pseudo-Hermitian structure θ is defined as
It is straightforward to see that the Levi forms of two pseudo-Hermitian structuresθ and θ are related as Lθ = κ · L θ ; this is an important relation for the sequel. A CR manifold is called strictly pseudo-convex if the Levi form L θ is positive definite for some pseudoHermitian structure θ . Let M be a pseudo-convex CR manifold equipped with a pseudo-Hermitian structure θ , and π H be the projection T M → H along the 1-dimensional kernel of dθ . Then the bilinear form
is a Riemannian metric on M, referred to as the Webster metric. A straightforward calculation shows that its volume form coincides with θ ∧ (dθ ) n up to a constant factor, which depends on n only, see [2] . Basic examples of CR manifolds include real hypersurfaces in C n+1 ; for example, any odd-dimensional unit sphere S 2n+1 ⊂ C n+1 is a CR manifold, see [2] . Now we describe a more special example.
Example (The Heisenberg group). The space C n × R viewed as a group with respect to the following operation
where ·, · is a standard Hermitian product in C n , is called the Heisenberg group H n . Its CR structure is given by the span of the vectors
As a pseudo-Hermitian structure one can take the 1-form
its differential is 2i ∑ dz j ∧ dz j . Thus, we see that the corresponding Levi form is positive definite, and H n is a strictly pseudo-convex CR manifold. For any x = (z,t) ∈ H n the Heisenberg norm |x| is defined as ( z 4 + t 2 ) 1/4 , where · is a Euclidean norm in C n . The Heisenberg norm has a nice property of being homogeneous under the dilatations
where (z,t) ∈ H n , and ε > 0, which are group and CR isomorphisms, see [2] . It is also closely related to the CarnotCaratheodory distance on H n , which we recall below.
Carnot-Caratheodory distance on CR manifolds
Let M be a strictly pseudo-convex CR manifold and H be its Levi distribution. It is a straightforward exercise to show that for any point x ∈ M and any local frame {X i } of the sub-bundle H around x the commutators of the X i 's at x span the tangent space T x M. This property is often referred to as the Hörmander condition for the distribution H. An absolutely continuous path γ in M is called horizontal if it is tangent to H almost everywhere. For a pseudo-Hermitian structure on M whose Levi form is positive definite the Carnot-Caratheodory distance between the points x and y is defined as
γ is a horizontal path joining x and y}, where the length is taken with respect to the Webster metric. By the results of Caratheodory and Chow, see [13] , the Hörmander condition implies that this metric is finite. Besides, it induces the same topology on M.
The following statement is a version of [13, Th. 1], see also [12] ; it is essential for our method. 
for an arbitrary Carnot-Caratheodory ball centred at x ∈ K with r ρ. Here P 2n+2 (r) is a polynomial of degree (2n + 2) whose coefficients are positive functions that depend on a CR structure only.
As a consequence, we arrive at the following corollary.
Corollary 2.2. Let M be a compact strictly pseudo-convex CR manifold. Then the volume measure of any pseudo-Hermitian structure θ whose Levi form is positive definite satisfies the following properties: (i) the doubling property
for Carnot-Caratheodory balls with arbitrary x and r > 0, and some C 1 > 0;
(ii) the growth property
for arbitrary Carnot-Caratheodory balls in M and some constant C 2 > 0.
Sketch of the proof. The first statement is equivalent to saying that the quotient
is bounded in r > 0 and x ∈ M. By Prop. 2.1 it is so for any r ρ/2 and x ∈ M. Now since M is compact, its volume is finite. By Prop. 2.1, we see that the denominator is bounded from below for r > ρ/2, and conclude that this quotient is bounded from above for any r > 0. The growth property (ii) follows in a similar fashion.
Example (continued). The Levi distribution on the Heisenberg group H n is the span of the vector fields
where
. . , z n ,t) ∈ H n . These vector fields are twice the real and (minus) imaginary parts of the left-invariant vector fields T i 's given by (2.1). Besides, the Levi form of the standard pseudo-Hermitian structure is also left-invariant, and so is the corresponding Carnot-Caratheodory metric d θ (·, ·) on H n , see [2] . It is straightforward to show that the latter commutes with dilatations
for any x, y ∈ H n and ε > 0. Thus, we conclude that H n is a non-compact CR manifold that satisfies both properties (i) and (ii) in Cor. 2.2. There is also another natural metric on the Heisenberg group:
and | · | is the Heisenberg norm. By definition this metric is left-invariant, and since the Heisenberg norm is homogeneous, it also commutes with dilatations. Any metric with the last two properties is determined by its values on {0} × ∂ B(0, 1). From this we conclude that such a metric has to be equivalent to the Carnot-Caratheodory metric d θ (·, ·).
Sub-Laplacian on CR manifolds
Let M be a pseudo-convex CR manifold equipped with a pseudo-Hermitian structure θ whose Levi form is positive definite; by π H we denote the projection T M → H along the 1-dimensional kernel of dθ . The sub-Laplacian (−∆ b ) is a second order differential operator defined as
and ∇u is regarded as a vector field with respect to the Webster metric; the divergence is understood in the sense of the volume form θ ∧ (dθ ) n . Equivalently, it can be defined as the Hormander operator
where (X i ) is a local orthonormal frame of the sub-bundle H with respect to the Webster metric, and the (X * i )'s are the adjoint operators with respect the natural L 2 -scalar product.
Example (continued). The sub-Laplacian on the Heisenberg group H n has the form
where (z 1 , . . . , z n ,t) are standard coordinates on C n × R, see [2] .
As is known, the sub-Laplacian is a sub-elliptic operator of order 1/2. This means that for any smooth compactly supported function u the following inequality holds
for some constant C, where | | · | | and | | · | | 1/2 stand for the L 2 -norm and the Sobolev (1/2)-norm respectively, see [2] . On a compact manifold M we view (−∆ b u) as an operator defined on smooth functions that satisfy the following version of the Neumann boundary hypothesis:
where n is an outward normal to ∂ M, (2.2) and the brackets denote the scalar product in the sense of the Webster metric. By the CR version of Green's formula
we see that this operator is formally self-adjoint. In particular, its resolvent set is not empty. Using the compact Sobolev embedding together with the sub-ellipticity hypothesis, it is straightforward to conclude that its resolvent is compact and the spectrum is discrete. By the same Green's formula, it coincides with the spectrum of the Dirichlet form |∇ b u| 2 dVol θ . If a manifold M is non-compact, then we assume that the sub-Laplacian is defined on smooth functions that, in addition to the Neumann boundary hypothesis (2.2), are compactly supported. As is known, such an operator is closable in the space of L 2 -integrable functions, and its counting function N θ (λ ) is defined as
where V is a subspace in the domain of definition. Moreover, the eigenvalues of such an operator are precisely the jump points of the counting function,
We refer to [7] , where the details on a more general setting can be found.
General statement
Let M be a strictly pseudo-convex CR manifold. In sequel by a pseudo-Hermitian structure on M we mean a pseudo-Hermitian structure with positive definite Levi form. By ⌊x⌋ we also denote the floor function of x ∈ R, the greatest integer that is at most x. The following general statement is proved in Sect. 4. (i) the doubling property
Mother Theorem. Let M be a strictly pseudo-convex CR manifold of dimension
Then there exists a constant C, depending on C 1 , C 2 , and n only, such that for any pseudoHermitian structure θ of finite total volume, Vol θ (M) < +∞, the counting function N θ (λ ) satisfies the inequality
In particular, the sub-Laplacian eigenvalues λ k (θ ) satisfy the following inequalities
for any k = 1, 2, . . . ,
First, if the manifold M is compact, then, by Cor. 2.2, the properties (i) and (ii) hold for an arbitrary pseudo-Hermitian structure. In this case the above estimate for the counting function N θ (λ ) can be improved -no floor function is necessary. Indeed, when M is compact, we always have an extra test-function, the constant, which yields an improved estimate, see Sect. 4. With this improvement, Theorem 1.1 becomes a consequence of the Mother Theorem. Further, the standard pseudo-Hermitian structure on the Heisenberg group H n satisfies the hypotheses (i) and (ii), and so does any its subdomain Ω ⊂ H n with the same constants C 1 and C 2 . Since the constant C in the estimate for the counting function depends only on C 1 , C 2 , and n, we also obtain the statement in Theorem 1.3.
Finally, mention that, following the idea of Grigor'yan and Yau in [7, Sect. 5.3] in the conformal setting, the statement above can be generalised even further in another direction. Let σ be a non-atomic finite Radon measure on M, and N θ (λ , σ ) be a counting function corresponding to the sub-Laplacian viewed as an operator in L 2 (M, σ ). Then a straightforward generalisation of the argument in Sect. 4 shows that for any pseudo-Hermitian structure θ of finite total volume, Vol θ (M) < +∞, the counting function N θ (λ , σ ) satisfies the inequality
where the constant C depends on C 1 , C 2 , and n only. In particular, if σ coincides with the volume measure Vol θ , then we obtain the original estimate in the Mother Theorem. As a consequence, we also have the following bounds for the eigenvalues λ k (θ , σ ): 
The proof
Prerequisities I: metric space decomposition theorem
We start with recalling the general result of Grigor'yan and Yau [6, 7] concerning the decomposition of a metric space (X, d) by annuli. By an annulus A in X we mean a subset of the following form
where a ∈ X and 0 r < R < ∞. We also use the notation 2A for the annulus
We say that a given measure µ on X is non-atomic, if the mass of every point is zero. Building on the ideas of Korevaar [9] , Grigor'yan and Yau showed that for any nonatomic measure µ, satisfying the doubling property
for arbitrary x ∈ X and r > 0, one can always find a collection of disjoint annuli {2A i } such that the values µ(A i ) are bounded below by some positive constant. More precisely, in [6, 7] they prove the following statement. Mention that in [7] this theorem is stated for metric spaces that satisfy the metric doubling hypothesis: there exists a constant N such that any metric ball of radius r can be covered by at most N balls of radii r/2. For such a space no doubling hypothesis on a measure is necessary. However, by standard covering theorems [10] , it is straightforward to see that any metric space that carries a measure with doubling property (4.1) satisfies the metric doubling hypothesis with the constant N that depends only on the doubling constant C 1 .
We are going to apply this theorem to a CR manifold M viewed as a metric space with the Carnot-Caratheodory distance. By the hypothesis (i) in the Mother Theorem, this space carries a doubling measure, and hence, satisfies the metric doubling hypothesis. Since small Carnot-Caratheodory balls are precompact, see [13] , we conclude that so are arbitrary balls in M, and the decomposition theorem above applies. In particular, we see that such a CR manifold is either compact or its Carnot-Caratheodory diameter is infinite.
The use of annuli in the decomposition theorem is actually important. It allows to estimate the capacities Cap(A, 2A), knowing an estimate for the capacities Cap(B, 2B) of open metric balls B, see Lemma 4.2. For our purposes it is appropriate to use a notion of capacity based on the CR version of the Dirichlet energy, that is the energy |∇ b u| 2 dVol θ . We describe it below in more detail.
Prerequisites II: capacities on CR manifolds
Let M be a strictly pseudo-convex CR manifold of dimension (2n + 1), and θ be a pseudoHermitian structure whose Levi form is positive definite. A real-valued function u on M is called Lipschitz in the sense of the Carnot-Caratheodory metric d θ , if there exists a constant L such that
for any x and y in M.
Recall that due to the results in [5] the Carnot-Caratheodory metric d θ (·, ·) is smooth in a neighbourhood of the diagonal in M × M. This implies that any Lipschitz function in the above sense is differentiable almost everywhere, and |∇ b u| is not greater than √ 2nL. In particular, for a given x ∈ M the Carnot-Caratheodory metric defines a differentiable almost everywhere function d θ (x, ·) and
Conversely, by the results in [13] , any smooth function is locally Lipschitz in the above sense. Now we describe the concept of capacity on CR manifolds.
Recall that the capacitor in M is a pair (F, G) of Borel sets F ⊂ G. For a given pseudoHermitian structure θ and a real number 1 p < +∞ the sub-Riemannian p-capacity of a capacitor (F, G) is defined as
Here the infimum is taken over all Lipschitz test-functions on M, that is the functions that are equal to 1 in a neighbourhood of F and whose support is compact and lies in the interior of G.
In sequel we use the following auxiliary lemmas. 
for arbitrary x ∈ M and r > 0.
Proof. For a given r > 0 choose ε such that 0 < ε < r. Consider the function u ε defined as
Clearly, it is Lipschitz and can be used as a test-function for the p-capacity. Besides, it is straightforward to see that
and thus, we obtain
Passing to the limit as ε → 0+, we obtain the inequality in the statement of the lemma. 
Taking the infimums over test-functions, we arrive at the inequality in the lemma.
Proof of the Mother Theorem
For a given pseudo-Hermitian structure θ with positive definite Levi form consider the (2n + 2)-capacity
where the infimum is taken over smooth (or Lipschitz) test-functions. Recall that any pseudo-Hermitian structureθ with positive definite Levi form has the formθ = κ ·θ , where κ is a positive smooth function. Using the relationship Lθ = κ · L θ for the Levi forms together with the formula for the volume form dVol θ , we conclude that this capacity is invariant with respect to the change of a pseudo-Hermitian structure. In particular, we have Without loss of generality, we can suppose that these inequalities hold for i = 1, . . . , k. Combining this with relationship (4.3), we obtain
for any i = 1, . . . , k. To demonstrate the lower bound for the counting function it is sufficient to construct k linearly independent functions {u i } such that
As such functions one can take nearly optimal test-functions for the capacitors (A i , 2A i ), where i = 1, . . . , k. In more detail, for a sufficiently small ε we can choose test-functions u i such that
Now using inequality (4.4), we get
where the last inequality follows by the choice of the quantities C and k. This proves the lower bound for the counting function. The upper bounds for the eigenvalues can be now obtained in a fashion similar to the one in the proof of Cor. 1.2.
